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An explicit proof is presented showing that the method of
Ž .equating coefficients between an equation of state EOS , cu-

bic in volume

V 3q a T , P V 2 q a T , P V q a T , P s0 1Ž . Ž . Ž . Ž .2 1 0

with those of

3V yV s0 2Ž .Ž .c

is a corollary of the set of conditions

­ P ­ 2P
s s0 3Ž .2ž / ž /­ V ­ VT s T T s Tc c

originally proposed by van der Waals, to analyze pure com-
Žponent behavior at the critical point Van Ness and Abbott,

.1982 . This analysis is required to find an analytical form for
Žthe critical volume and two constants appearing in the cubic

.EOS in terms of T and P . The popularity of the method ofc c
equating coefficients results from the considerable algebraic

Žmanipulation that is required to solve Eq. 3 in addition to
. Ž .EOS itself . Martin and Hou 1955 presented an implicit

proof for the equivalence of the methods.
A more compact notation for Eq. 1

f T , P , V s0 4Ž . Ž .

is favored in this analysis, which starts by performing succes-
sive first- and second-order differentiation along an isotherm
Ž .with respect to volume

­ f ­ P ­ f
q s0 5Ž .ž / ž / ž /­ P ­ V ­ VT ,V T T , P
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and

2 2­ f ­ P ­ P ­ f ­ P
q2 2ž / ž / ž /ž / ž /­ P ­ V ­ V­ V ­ PT ,V T TT T ,V

2 2­ f ­ f
q2 q s0 6Ž .2ž /­ P­ V ­ V T , P

At the critical point, these equations reduce to

­ f ­ 2 f
s s0 7Ž .2ž / ž /­ V ­ VT s T , P q P T s T , P s Pc c c c

upon application of the constraints given by Eq. 3. The above
analysis results in a set of constraints that are equivalent to
and, more significantly, interchangeable with the set origi-
nally proposed by van der Waals. Application of Eq. 7 to Eq.
1 for the current example of a cubic EOS gives

­ f
2s3V q2 a V q a s0 8Ž .c 2 c 1ž /­ V T s T , P s Pc c

and

­ 2 f
s6V q2 a s0 9Ž .c 22ž /­ V T s T , P s Pc c

Solving Eqs. 9 and 8 sequentially yields

a sy3V 10Ž .2 c

and

a s3V 2 11Ž .1 c

Lastly, a and a are eliminated from Eq. 1 to find2 1

a syV 3 12Ž .0 c
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Next, consider a term-by-term comparison with a cubic ex-
pansion of

3 3 2 2 3V yV sV q y3V V q 3V V yV s0 13Ž .Ž . Ž . Ž .c c c c

Because of the one to one correspondence between the coef-
ficients in Eq. 13 with those given by Eqs. 10]12, this is an
explicit proof of the equivalence of the methods, providing
direct algebraic solutions for a , a , and a . Further, the0 1 2
analysis shows that a is obtained from the second derivative,2
a from the first derivative, and a from the EOS itself.1 0

For an EOS of higher degree, the corollary to solve these
cases may be extended by equating the coefficients between
the volume algebraic form of the EOS with those resulting
from expanding

nq1V yV s0 14Ž .Ž .c

where nq1 must be an odd positive integer for physical rea-
sons. The only requirement is that the original set of condi-
tions proposed by van der Waals may be extended according

Ž .to Martin and Hou 1955

­ P ­ 2P ­ nP
s s ??? s s0 15Ž .n2ž / ž /ž /­ V ­ V­ VT s T T s TT s Tc cc

to analyze the critical point.

In conclusion, an explicit proof has been presented con-
firming that the popular technique of equating coefficients

Ž .3 Žbetween a cubic EOS with those of V yV s0 at the criti-c
.cal point is directly connected to the set of constraints pro-

posed by van der Waals.
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Notation
P sabolute pressure
T sabsolute temperature
V smolar volume

Subscript
cscritical point

Literature Cited
Martin, J. J., and Y.-C. Hou, ‘‘Development of an Equation of State

Ž .for Gases,’’ AIChE J., 1, 142 1955 .
Van Ness, H. C., and M. M. Abbott, Classical Thermodynamics of

Ž .Non Electrolyte Solutions, McGraw-Hill, New York, p. 158 1982 .

Manuscript recei®ed June 7, 1999, and re®ision recei®ed No®. 1, 2000.

May 2001 Vol. 47, No. 5 AIChE Journal1248


